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Recursive method in one-dimensional Ising model
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Universidad Nacional de San Luis, 5700 San Luis, Argentina
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Abstract. In this paper we introduce a new recursive method which allows us to solve
exactly one-dimensional Ising problems with higher-order interactions. The new method
presents some important features, for example its exactness and the computational ease of
its solution. We present a new method for evaluating the partition function. Moreover an
application of this to the general approach is given and an analytic solution is found.

1. Introduction

As it is well known, the Ising model with nearest-neighbour interactions has attracted
the attention of many investigations. In particular, in one dimension there are several
methods for solving it, for example the matrix method and the generating function
method. However, when more than the nearest-neighbour interactions are assumed or
introduced in the physical problem, such methods turn out to be very complicated from
the analytical point of view, since their solutions require approximations.

In this paper, we develop a new recursive method which allows us to obtain the exact
analytical solution when higher-neighbour interactions are taken into account. Indeed,
here we present as far as the third-neighbour interaction, but we indicate the method for
possible higher interactions.

In §4 we present a new method for evaluating the partition function in the
thermodynamic limit. Finally, in § 5 an application of this method to the computation
of the recursive matrices developed in § 3 is worked out. In this way an analytical
solution of the partition function is found.

2. Recursive method for nearest-neighbour interaction

In this section we will introduce the recursive method for the usual Ising model with
only nearest-neighbour interactions, extending it later.

As it is well known (Thompson 1972), let us consider the usual Ising model in one
dimension. In a configuration {x} the interaction energy is defined by

n—-1 n
E{u}=-J "—2‘1 pitkiv1—H '21 i

where u; takes the value +1 or —1. u; denotes the spin value in the ith site, J is the
coupling constant and H is the external magnetic field.
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Thus, the partition function is expressed as

Z=Y exp(-BEuh =Y, exp(BJ Z wiisss+BH Y p«;)

{n} {u}
where 8 = 1/kT. This last expression can be written in the form (see Thompson 1972)

Z=K Z H] 1+G)J’IL1/~L1+1) H (1+wH“'l)
{u} ¢

where J = 8J, H = BH, wj =tanh J, w; =tanh H, and K = (cosh J)"*(cosh H)".
The above expression for the partition function can be written again as

n~1 n
Z=K Y [ ) (1+wmluz)(1+wgm)] H2 (1 + wsiti+1) H2(1+w9m)
{2 & g} i= i=

where the second sum is the sum over the states configurations p; = 1. The first sumis
taken over all the configurations {u?} = {2, w3, . . . , un}. Performing the second sum in
the above expression, we obtain with a; =1 and 8, = wwg

Z=2K Y Y (e1+Biu2) H (1+ wsmitti+1) H (1+ wau;)

{63} {ua}

=2K ). [Z (051+311~L2)(1+wfl~¢«2#3)(1+w1~‘1#2)]

{2 F {2}

n—1 n
X I+ o) T (1+waum)

=2°K ¥ [(al +Biwa) + (BrwF +a1wfwf1)u3]

{u?

n—-1 n
x IT (1 + wsmiptic1) I_Ta (1+ wau:)

i=3

where
ar=a)+ Biwg and B2 = BLw5 +a 1w,

Repeating this procedure it is easy to see that for w3, w4, as far as u,—1, Wwe can obtain
the recursion equations

Qi1 =0+ B, Biv1 = Biw; + awiwg

since the mechanism is recursive. In addition we have forj<n—1

z=2K ¥ (a,+6,u,+1) H 1+ o) 1 (1+oaw).

{u/*h) i=j+1
As a particular case for j = n — 1, we obtain
Z=2""K Y (an-1+Bn-1un)(l +wau,)

{un}
=2"K(ap-1+ Bn-101)=2"Ka,.

Going back to the coefficients @ and 3, the formula (1) can be expressed in matrix

form as
i+ 1 7 f i
(o) (o o0)(5) =05
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This recursive coupled system can be uncoupled easily and solved accordingly.
Indeed, consider the matrix C such that

C“AC=A=(Al 0)
0 A

where A, and A, are the eigenvalues of A and take the form
Az =31+ wp) =M (ws —1)* +4wwi]".

The discriminant A = (w7 — 1)* +4wsw} is always positive under the condition |wg|< 1.
This is always satisfied. Thus both eigenvalues are real and different.
A suitable C is
1 1
c=( )
(1-1)/wa (1-A2)/wn
whose columns are the corresponding eigenvectors. Therefore the system
ALl = Uiy, Aol = Vi,

whose solutions are given by

U= 1)iu1 and Viw1 = (/\Z)ivla

is related to the previous system of A by (ai) - C( ui) or

Bi U;
; ; 1-A 1-X
a; =AU+ A, Bi=( 1)U1+( 2)01
WH Wy
where
1-A 1-A
1=/\1u1+)t201, WG =( 1)u1+( 2)01.
Wi Wy

Solving the latter equations for #; and v, and replacing them in the above equations,
one can obtain the desired solution for a; and B, With these values the partition
function is completely determined.

3. Recursive method with two-neighbour interactions

Having shown the method for the nearest-neighbour interaction, in this section we shall
explain how the recursive method can also be applied to two-neighbour interactions.
In this case the partition function takes the form

n n—1 n—2

Z=K3}, ~H1 (1 +wams) -H1 (14w pittiv1) ‘l—Il (1 + wppiriv2)
{n} t= b= i=

where K = (cosh H)"(cosh J1)" *(cosh J5)" %, Jy=J1/kT, Jo=J,/kT and H = H/kT.

Again H is the magnetic field applied to the system and J; and J, are the first- and

second-neighbour coupling constants respectively.
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Taking the partition function as before, we have

Y 1+ogu)1+upzuip)(l+ wfzmus)]
{u1}

z=z<):[

{u?}

n—2
(1+waus) H (1+ w7, pipti+1) H (1+wiimic1)

s

i

=2K Y (a1+B1+vims+S1u2ms) H2 1+ wau:)
(u? i=

n—-2
X Hz (1 + wrmitki+1) Hz (1 + wppipis2)
i= =

=2K Y [Z (a1 + Bipz+ vius +81uaus)

{63 E {2}

X (1+wap2)(1+wruops)(1+ wfzuzm)]

a:h

- n—2
(1+wau:) H 1+ wrpiphir1) .l'[s (1 + wpmipis2)
ey -
2
=2°K Y. [(al + 8105+ Viwgws, + Biwa)
{®
+(y1+ S1wg + Brwi, + @ 1wEwF,) 43
+(B105, + @1wgws, + Viwswr, + 810w ws,) s

+ ('yla)gwf2+ 1wy, + w5 w5, + ﬂlwga)jla)j2)“3‘u,4]

n n—1 n—2
H (1+wau:) H3 I+ wrupivy) [T (1+onumis2)
i=3 i= i=3
where
ar=1, B1= waws,, V1= waws, and 61 = wj oy,

We denote by Z; the last term with the products in the last expression. Iterating the
previous procedure we can easily obtain

Z=2K Z (a; + Biptir1 + Yitkiva + Sitkic1phiv2) i1
(u,H'l}

with / +1<n —2, where the coefficients are recursively given by the matrix relation

Qi1 1 wg WHELT, wj, a;
Biv1| | waws, W, 1 wa B
Yisl WAWY, w3, w5, waw;es,|\ v

8i1 Wjwy, WAWHW], WAW], Wi, S
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To obtain the partition function effectively we take i =n —2, and therefore we
perform the following operations:

Z=2"K Y (@n-2+Br-zkin-1% Vn-2bn+En-2n-1/n)

"™

X {1+ wapn-1)(1+wap.)(1+ o5 tn—144n)

=2""K Y [(ano1+Br-1in)(1 + 0aun)]=2"K (@n-1 + waBn-1).
{n"}

In this way we have obtained in a recursive way the final expression.

In order to compute effectively the coefficients in the last expression of the partition
function it is necessary to solve the recurrence system given above.

However, if it is not necessary to have an explicit and analytical expression of the
entries of the recurrent system, then the aim of having the partition function, at this
point, becomes very simple. We only need to have a suitable numerical iteration which
can be performed accordingly. We remark that when an analytical solution is necessary
this might be done by uncoupling the recurrence system, similarly as was performed in
the previous paragraph. But here the difficulties will increase enormously since it turns
out that the roots of an equation of degree four must be calculated. This is a great
computational task, which we will not study due to its difficulties. However, we will
present a recursive procedure which allows us to obtain an analytical exact solution.

Let us denote by I the set of entries (1, 2), (1, 3), (2, 1), (2, 4),(3, 1), (3, 4), (4, 2) and
(4, 3); then the matrix A given above for the recursive expression of «;, B;, v, 8, has wg
as a factor for (k, /) €I and no factor wg for (k, [)# 1. Thus, it is possible to see that the
even power A”” has entries

|4 p—1
Z aw(2p, m)w%?m, Z au(2p, m)w%{m“’
m=0 m=0

for (k, )21 and (k, /) €1, respectively.
Similarly, for the odd power A?*! this matrix has entries

2 p
Y au@p+1,mod, ZO aup +1, mw¥,

m=0 m=

for (k, )21 and (k, [) €I respectively.

At this point, we point out that the importance of having the power matrices
explicitly as polynomials in wz is due to the fact that in applied problems related to
properties of thermodynamic systems there appears the necessity of studying the
variation of certain entries with respect to H.

The coefficients of the polynomials expressing the entries of the power matrices can
be computed recursively as follows, with A = (ay):

au(2p+1,0)= _z; . akn(2p, 0)an,

aup+1,m)= Y aw(pm)an+ Y, a(2p, m—1)au, m=1,
n=1,4 n=2,3
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for (k, )21 and p = 1. For the remaining entries we have

au(2p+1, m) Z Ain (2D, M) an + Z akn(2p, m)an,

akl(2p + 1’ P) = 2 Akn (217, p)anls

n=1,4

for any (k,/)eland p=1.
Furthermore, for even powers the entries are computed as

a(2p+2,00= Y aw(2p+1,0)a.,
n=14

aup+2,m)= Y au2p+1,m)a,+ Z an(2p+1, m—1ay,

n=1,4 n=2
akl(zp +21 P + 1) = —ZZ 3 akn(2P + l’ p)anls

for (k, I) 21 and finally
4
a(2p+2,m)= 3, aup+1, m)an

n=1

for (k, el

4. Recursive method with three-neighbour interactions

m#p,

In this section we will extend the model to when a third interaction is included in the
physical model. In this case, we have that the partition function is reduced to the form

n-3

Z=KY H (1+ wau:) H 1+ wzpipi+1) H 1+ wpupisz) [T (1+w5ummpirs)

{w}i= i=1

=K§am?

where J; is the third-neighbour coupling constant and in K there appears a further term

(cosh J3)" 2.

Similarly, as in the previous cases, we apply the general idea of recursion taking in

the first step all the terms with u:

Z=K Y ¥ (1+oau)l+onuiw)]+onmips)l+onuindZ{n’

{2} {pa}
=2K ¥ (80 +0Vus+0Pus+ 00 ma+ 0P pops+ 0 uoms
{2}
+0 P uspa+ 07 wansna) Za{n}

where

© a_ @ _ @ _
61 =1, 81’ = wgws,, 81" = wgwy,, 01 = wpws,,

(5) (6 (7

4y . _ ... e e e ) I e e g e
91 = w5wh, 7 = w5wr, 61 =wswi, 01’ = wgwienLws,.
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Continuing with the recursive method, one can obtain inductively the following
expressions:

. 2 4
Z=2K ¥ (6P +6P U1 +0Puia+ 0P s+ 0P i iptivn
(“l"*l}
5 6 7 i+1
+0P i1 ptivs+ 6! )#i+2,uf£+3+6£ dwistttivamiea) Zivt{un '}
; 3
=2K Yy ¥ [0 + 0 sy + 0P pivn + 6 ‘siss+ 0P piipien
{2} (a1}

+ 0P i pina+ 00 wivapins + 01 mivapisaptias)(1 + 0aM 1)

X (1+ oz piripiv2)(1+ opmiripisa)(1+ wfg#i+1lii+4)]zi+2{l-¢i+2}

=2"K { ,2,2} (02 + 0 iva+ 0 i+ 0 phina+ 01 i v2ptins
n

+ 0 pivatties + O tisathisat 0P hisoptivativa) Zivo{pt !

with i =n —3, where the new 6’s are obtained from the previous ones by a matrix
multiplication, namely:

()] - o o
i1 1 WA WAWS, WAW],
oY - - 1 s
2 5 1 wHWJ, w7, wj,wi,
051 WAWS, wy, A 1
3 o . o o
01 | WAL, wJ, W, WJ, w5wj,
4) - . e e e L o
041 wj,w7, WAWF, W], WAHW], WAWF,
(&) - P L e e e
031 INANA WAWT, WF, WHWT, WAWS, WF,0F,
(6) . I S e
6i1 V5T, WAWE,WF, WHWT,W5W]T, WHW],
N o o oo .
0i+1 WHWFWL,WJ, W W05, WRWT, W Wi,
. . o I PIC
w-’l (l)]2 w-ﬁw.fz ww.hwfz i
_ e s . _ 1)
wi WAWS, W], WA, wy, 6
U . L o (2)
WAWT, W], W WAW], w7, 0
= s e e TR e e 3)
WHWF, W], WHW,W], WHDF W, W], WrWI,WJ, g;
o - _ (4)
w}, wy, 1 wH 6;
- s s o PR (5)
W, WF,W5,WT, WLWJ, WAWT,W], 6
e e e - - s e (6)
WF,W5LOJ, w7, WRWT, WAL, WF, i
e o e e o _ N
WAWT,OF, WHWF,W], WAWT, wj, i

In order to obtain the complete partition function we have to compute the ‘queue’ of
the recursive expression which contributes the end effect.

Z=2"7K ¥ (02546 3t 2+ 02 sptn—r + 6 sun + 05 attn—24tn—1
{u""2
7
+ 0&,5.).3[.1/"_2#,1 + 026-13“%—1#0' + e(nliil-"n—Z/J'n—l“n)
X [(1 + wI-_IILn~2)(1 + W5 —-2,“«n—1)(1 + wfg/-"n—-Z/-"n)]
X[(1+ wgpn-1)(1 + 05 ptn-100)](1 + @a00)
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="K T (6 + 0 aptns + 0 aptn + 6ot 11t)
{“n—l}

X[(1+ wgpn-1)(1 + w5 pn-14n)J(1 + wgps)

-1 0 1 2 4
=2""'K ¥ [+ 6 2wn + 6P 208ws, + 05 07,)
{u"}
@ @ 1
+(62 2wgws, + o5 205, + Bn2s + 0,5 0w (1 + wan,)
=2"K[(02, + 05 20a + 02 2wpws, + 042207,

6&;2) 0(4)

0
+(65 )20)Hwh +65) 20F, + 2Jwal

The first equality is obtained by summing over u "2, the next over x" ' and finally
over u".

From here, as in the previous case, if one only desires numerical evaluation for the
partition function, the 6’s can be obtained directly by numerical iteration of the
recurrence matrix to the power n —2 and performing the necessary operation as shown
in the last expression of Z,

In the case when an analytical expression for the entries of the recurrent matrix is
required, say in terms of wg, a similar analysis as in the previous case of two-neighbour
interactions might easily be performed. Indeed, the structure is kept the same with the
only variation being in the polynomial formation. Here also appears a block dis-
tribution as in the previous case.

The recurrence relations for the polynomial coefficients have an analogous form as
before.

5. A new general method

The method presented here represents an alternative way for evaluating the partition
function in a very general case. As is well known, when the size of the matrix is greater
than 2 X 2, obtaining the maximum eigenvalue is not always possible. Our method has
the advantage of finding any one of the entries of a matrix (which in the thermodynamic
limit is equivalent to the fact of knowing the maximum eigenvalue) as related to a
submatrix of inferior size.

Now we will introduce our method. Consider a matrix ax, k,/:1,..., N and let
an(j) be the (k, I)th entry in the matrix A’ Therefore, by definition of the matrix
product, we have

akz(]) = z akmaml(] 1) akkakl(] - 1)+ Z akpxapﬂ(] 1)
p1=1 p1=1
p1#k

and in general for some other p; we have

ap,i() = 21 Apiprpyt(J— 1) = apyrai(j— 1) + Z Apyp,pyt(j —1).
p2= prm1
*k

Now replacing the value a, ;{j ~ 1) given by the latter equation in the previous one,
we obtain

N N
aw(j) = amau(j—1+ Z Ay Op k@i (J—2)+ Y Y. Qupypypypyt(f—2)
p1=1 p1#k pa®k

#k
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and by recursion this gives in general
au(f) = aman(j — 1)+ ara an(j - 2) + arAa*an (i —3)
+... +akx<§f_3akak,(1)+ak§j_2al (1)

where the matrix A is obtained from A by deleting the row k and the column k. The
vector ay is the kth row of A with the element k deleted. Similarly a,, is the mth column
of A without the entry k, for m =k, [. The products are matrix products and scalar
products.

The latter expression relates the elements of the power matrix ax(j) with the
elements of the power matrices A™. At this point it is important to mention that the

powers of A are all less than j and its size is one less than A.
The recursion in the expression (1) is of the type

k k k
N =dk_1Mk—1+ax_2hk-2+ ... +aono+bi

where the unknowns are the n’s and the a’s are all known coefficients. This general
problem was solved recently (Marchi and Millan 1977), and the solution may be written
analytically as

o3 =( i Z ale,‘..,z,))no'*‘[ kil ( kii Z - aé‘zl ..... t,)""’)bi] + by )

r=1 (I, ) e EX i=1

where the sets are given by

Ef= {(11, ol Y L=k ;>0and integers}

i=1

and the coefficients by

aﬁl,,,,,l,)i = a’i_lla’,ﬁif;_b. caxs
6. An application
In § 3 we have obtained the partition function as a function of the recursive coefficients
8. These coefficients are obtained from the iteration of a matrix, recursively.

We will now study a particular case of that matrix when wy = wy, = 0. This case is
represented schematically by

e

i i+l ie2 i+3

where the contribution to the partition function is given by interaction of the sites i,
i+1;i i+3etc.

We will solve this particular case in an exact and analytical way using the method
presented in the previous section.

It follows from the fact that wy = w;, = 0 that the general matrix (written as in § 3)
reduces to the study of the maximum eigenvalue of the following matrix:

1 o, O 0
A - 0 0 Wy, 1
wWr,wy, W, 0 0

0 0 Wy, Wrw
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But we will now prove that the maximum eigenvalue in the thermodynamic limit is
equivalent to the fact of knowing any of the entries of the matrix.
Consider the partition function to be given by the expression

Z= Z Z b;,a,,(N)cu,

f=11=1
then by taking the natural logarithm,

1 1 k bya;(N)ci
I Z =~ nauN +—1 ( 4 )
N n au(N) 121 121 an(N)

with
& N
a(N)= 21 Criry
e

where A, are the eigenvalues of the matrix A and the ¢’s are coefficients. Arranging the
eigenvalues in the manner A=A, = ... = A, it is easy to see that

o1 1 L
bljx_x:r(}o}—v-an—-hllx_l)I}oNln akl(N)_l\lll-{rololn Amax

because

(Ai//\max)N»O orl i Amax=A; O Agax=A;.

We now go back to the problem of solving any entry of the matrix given above with
the method developed in the previous section.
The expression in (1) can be rewritten as

=1
au(j) = Zl cian (i) + Bul/)
where the coefficients ¢ are now given by
cj:_l =g, A" for [=2,

I =
Ci-1 = Qkk-

As we have proved, it is the same to compute any entry in the thermodynamic limit,
therefore we will study the entry (1,1) of the matrix A. Thus

=1
an(f)= '2'1 cian(i)+B11())

where now
I =BA"y, =2,
C;:—1 =a;;=1
and
0 0 wy 1
B8 =(05,0,0), Y= | wrwy) A=|lwy 0 0

0 0 wr, wWrwr
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which gives for any step
BA'y = wrw3,an(i), B11(i) = wpwi,dia(i —2)
where d, is the entry in the position (1, 2) of the matrix A.
We remark that in this case the general formula (2) becomes
ji—=1

au(j)=7 Y aly, . iy-1a11(1)

r=1 (I, leE™?

+[ jil ( jz—:i Y al,... l,)"“‘)Bu(i)] +B11()). (3)

i=2 Y r=1 (lg,..LY TeET!
We recall that

Ei! ={(11, AT ‘; L=j—1, ;>0 and integers}.

Next, our purpose is to compute explicitly the coefficients

J=Uy+lp++l )

i RS BN L0
Ay, ) = Ci—Ci—li~lp + + + Cp 7

We show thatif r=1,then/; =j~1 and
alj—yi-t = ¢l = wnw}dn(i-3).

For r=2, we have /; +1,=j—1 and only two cases arise with / = 1, namely, /; =1
and l;=j—2or !y =j—2 and /; = 1. In both cases the result is the same:

i L 2 = g
A,y = ngwflau(] —4).

When either /; =2 or l,=2 the coefficient a/;, ;,y-* =0 because By =0. In the
remaining cases the coefficient under consideration turns out to be

j 2 4 -
abl,zzv—‘ = w13w1,6112(l1 =2)a2(lz—-2).

In a similar way for r =3, it is easy to see that four cases arise.
(i) All the /; are one. In this case we have a{; 1,1y =1.
(ii) Among the three /; there are exactly two equal to one. In such a case the
coefficient is the same for all the different cases:

‘ . .
a{ll,lz,[g)i—l = wfgw.nalz(] -95).
(iii) Among the three /; there is only one equal to one. Therefore, in this case, we
have
i 2 4 = (]
A(ly,1,13) " = W0 78120~ 2)a(lr-2),

where here /; and /7 are those different to one. Again in this case (when an /; = 2) the
coefficient becomes zero.

(iv) Allthe/; are different from one. Again if an /; equals two the coefficient is zero.
Otherwise

Al i) = 0305a12(l = 2)a12(l — 2)d1a(ls — 2).

An analogous analysis for greater r may show that similar cases of what we have
already obtained will appear. Moreover, other terms will appear too. As an example,
we show for » = 4 that when all /; are different from 1 and 2 the coefficient now is

a{ll,lz,ls,u)'“l = szwidn(lx =2)a12(l2 = 2)a12(l3—2)a12(14 = 2).
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From here it is easy to see that we may arrange all the coefficients having only one
dq2 in a sum which is
=3

wr0, 'Y (¥)auli=tk+2]

where (§) is the respective combinatorial number which appears as the number of
different forms to combine /; = 1. Now arranging all the coefficients with two d;,, this
sum is

i

5 s 4 j—(k+2) k
what Y <)512(1—2)d12[j—(l+k+1)].

k=2 1=3 2

Thus, following this procedure, it is possible to show that the final result is

[G=1)/31 j-@2p+1) / | J—(k+(2p—2)) j—(+k+(2p—5)
all(j)=<1+ ) f ( )wiwgf
p=1 k=p 11=3 =3
=+t _o+k+2p~-3(p—1)+1)
X > a2l —2)an(l~-2). ..

I, 1=3
Xdlz{j—(11+lz+...+lp_1+k+2p—3(p—1))}>

ji—1 [(j—8)/3] j—(@2p+1) k 5 j—(k+(2p—2))
DY (ER R i (4 2% S S @

i=3 p=1 k=p =3
J=Uy+ e+l _s+k+2p—3(p=~1)+1)
X z ) an(li—2)an(l-2)...
p-1=3
X dlz{j _(Zl + 12 + ...+ lp_l -+ k +2p “‘3([7 - 1))})(013&)31(212(1' "2)]
+wr05dn(j-2),
where [x] stands for the largest integer <x.
Now, in order to finish our analysis to obtain the explicit solution, either one repeats

the analysis for 41, with the same method using a 2 X 2 matrix or one directly computes
the values of 41, by diagonalising the submatrix A to obtain

ds2(f) = 21 AL (5)

We choose the last approach. Consider the matrix
0 w; 1
A=|w; O 0
0 wy; whwe
its characteristic equation is
“A+ad’+ad+as=0
where
a1 = wnwy and as= (w7, —al).
As usual, for the cubic equation, it can be changed to

A+pl+g=0
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where
p=—(ai1+ai/3), q=-(as+a}/3+2a3/27).

In order to know what type of solutions we have, it is important to study the
discriminant

A=p>/27+q¢%/4=~aa} +2aa} —aa] —3aiw], taw}al +w},/4
where
a=1/27.

For simplicity we assume w;, = w;,, which implies that the interactions of the first and
third neighbours are the same. It resultsthat A>0forany0< w?l <0-8. Therefore, we
are faced with one real root and two complex conjugate eigenvalues

A =U+v, A2 =U1€ + V1€, A3 = U1E+ V1€
where

i =[-q/2+(q*/4+p*/27)), vl =[-q/2-(q*/4+p*/27)""]
and

€ =3(-1+iV3), £ =3(-1-iv3).

Knowing the eigenvalues, it remains to compute the coefficients in (5). It is easy to
see that these are given by

_ A2\, —wpnws)?
2(1)]3/\ % (Ar - wfswfl)z + wiAr .

Cr

With all this we have found out an analytic solution of a,,(;) and, substituting this in
(4), an analytic solution for the partition function in the thermodynamic limit was
derived.

7. Final remarks

We would like to point out again that the recursive method presented here gives rise to
an exact solution of the partition function or some of the functions derived from it.
Moreover the method permits us to work with open chains. The exactness and
effectiveness of it gives power to the method.

From a physical point of view the recursive method allows us to solve exactly many
problems related to Ising models in one dimension.

Even though the computational approach of the new method of solution introduced
in this paper is somewhat involved, it represents a good improvement to the possible
analytic solution for Ising models with more than one neighbour interaction. Further-
more this general approach might be useful in other problems for computing eigen-
values for matrices with higher dimension.
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